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Abstract
Let f(T ) be a monic polynomial of degree d with coefficients in a finite field Fq,
having a nonconstant derivative and a nonzero second Hasse derivative. As a and b are
chosen uniformly at random in Fq, the probability that f(T ) + aT + b is irreducible is
1/d+Od(q
−1/2) as q →∞.
1 Introduction
Fix a positive integer d > 1. Gauss proved that the probability for a monic polynomial of
degree d with coefficients in a finite field Fq to be irreducible is 1/d +Od(q
−1/2) as q →∞.
In fact, for any partition λ = (λi)
k
i=1 of {1, ..., d}, the probability for a random monic Fq-
polynomial to have exactly k irreducible factors over Fq of degrees λ1, ..., λk (i.e., to have
factorization type λ) is pλ +Od(q
−1/2), where pλ is the probability that a permutation in Sd
has cycle structure λ.
The setting in which some coefficients of the polynomial are fixed and the remaining ones
vary in Fq has been studied extensively. For a monic polynomial f(T ) ∈ Fq[T ] of degree d
and an integer m with 0 ≤ m < d, it is conventional to define the m-th “short interval” in
Fq[T ] around f to be
I(f,m) = {f(T ) + amT
m + · · ·+ a1T + a0 | a0, ..., am ∈ Fq}.
We are particularly interested in the small cases m = 0, 1, 2. One naturally asks for assump-
tions under which the following expected statement holds true:
(*) For any partition λ of {1, ..., d}, the probability for an element of I(f,m) to have
factorization type λ is pλ +Od(q
−1/2) as q →∞.
In [2], Bank, Bary-Soroker, and Rosenzweig prove the following
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Theorem 1. a) Let f(T ) ∈ Fq[T ] be a monic polynomial of degree d such that
(d(d− 1), q) = 1. Then f satisfies (*) with m = 1.
b) Let f(T ) ∈ Fq[T ] be a monic polynomial of degree d. Suppose that either q is odd or
deg f ′ > 1. Then f satisfies (*) with m = 2.
A monic polynomial f(T ) ∈ Fq[T ] of degree d is called aMorse polynomial if the equation
f ′(T ) = 0 has d − 1 distinct roots over Fq, at which the values of f are all distinct. For a
Morse polynomial f(T ), (*) holds with m = 0 (see [4]). For j ≥ 0, the j-th Hasse derivative
of a polynomial f =
∑
aiT
i is defined as
Djf =
∑(i
j
)
aiT
i−j,
so f has a zero of order at least k at α precisely when Djf(α) = 0 for all j = 0, ..., k − 1.
In [4], Kurlberg and Rosenzweig weaken the assumption (d − 1, q) = 1 in Theorem 1a)
and prove1 the following
Proposition 2. Suppose that f ∈ Fq[T ] is such that f
′′ 6= 0 and (q, 2d) = 1. Then for all
but Od(1) values of s ∈ Fq, the polynomial f(T )+ sT is a Morse polynomial and satisfies (*)
with m = 0. In particular, f satisfies (*) with m = 1.
The goal of this note is to remove the assumption (q, 2d) = 1 in Proposition 2 and to
replace the quantity Od(1) by an explicit quadratic in d. We now state the main result.
Theorem 3. Let f(T ) ∈ Fq[T ] be a monic polynomial of degree d such that deg f
′ ≥ 1 and
D2f 6= 0. Then for all but d2 − d − 1 values of s ∈ Fq, the polynomial f(T ) + sT satisfies
(*) with m = 0.
Note that when q is odd, D2f 6= 0 implies deg f ′(x) ≥ 1.
Corollary 4. a) Let f(T ) ∈ Fq[T ] be a monic polynomial of degree d such that deg f
′ ≥ 1
and D2f 6= 0. Then f satisfies (*) with m = 1.
b) Let f(T ) ∈ Fq[T ] be a monic polynomial of degree d such that deg f
′ ≥ 1 if q is even.
Then f satisfies (*) with m = 2.
While Corollary 4b) is equivalent to Theorem 1b), we have weakened the assumption
(q, d(d− 1)) = 1 in part a).
The proof is based on the technique employed by Entin in a variety of problems solved in
[3], with an extra ingredient (Lemma 5 below) developed by the author in an earlier work,
concerning the irreducibility of the perturbations of a certain curve. Namely, for s ∈ Fq, we
set up a generically e´tale map ϕs : Ωs → A
1
b of degree d between geometrically irreducible
varieties over Fq such that for any b ∈ A
1(Fq) with d preimages over Fq, the conjugacy
1They state it for q odd and f ′′ but also make a remark that one should consider D2f instead of f ′′ when
q is even.
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class in Sd that the action of the Frobenius Frq on ϕ
−1
s (b) gives rise to has cycle structure
corresponding to the factorization type of the polynomial f(T ) + sT + b ∈ Fq[T ]. The
statement will then follow by the Chebotarev density theorem for function fields, once we
show that the monodromy group of ϕs is the full symmetric group Sd.
Of course, as we now allow char(Fq) | d, a polynomial of degree d can never be a Morse
polynomial and we cannot use the criterion that the monodromy group of a Morse map
A
1 → A1 of degree d is the full symmetric group Sd. Instead, we check the criterion proven
in [1].
2 The proof
For a polynomial f(T ) ∈ Fq[T ], let f˜(x, y) denote the polynomial in Fq[x, y] defined by
f(x)− f(y) = (x− y)f˜(x, y).
For s ∈ Fq, define fs(T ) = f(T ) + sT , so f˜s(x, y) = f˜(x, y) + s. A polynomial f(T ) ∈ Fq[T ]
is called “linearized” if it has the form f(T ) =
∑
aiT
pi + f(0) (where p = charFq).
Lemma 5. Let f(T ) ∈ Fq[T ] be a polynomial of degree d, which is not linearized. For all
but at most d− 1 values of s ∈ Fq, the polynomial f˜(x, y) + s is geometrically irreducible.
Proof. The author has proven this as Lemma 19 in [6]. For convenience of the reader, we
sketch the proof here as well. First, an elementary undetermined coefficients argument shows
that under the assumption that f is not linearized, f˜(x, y) cannot be written as Q(g(x, y)),
where Q is a polynomial of one variable of degree greater than 1 and g ∈ Fq[x, y]. Now use
Corollary 1 in [5].
Proof of Theorem 3. For any s ∈ Fq, consider the incidence correspondence
Ωs = {(t, b) ∈ A
2 | f(t) + st + b = 0}.
The projection Ωs → A
1
t , (t, b) 7→ t is an isomorphism and the map ϕs : Ωs → A
1
b , (t, b) 7→ b
is a generically e´tale morphism of degree d between geometrically irreducible Fq-varieties.
The assumption deg f ′(x) ≥ 1 implies that f(x) is not a linearized polynomial.
Let B1 ⊂ Fq be the set of all s ∈ Fq such that f˜(x, y) + s is geometrically reducible; we
know that |B1| ≤ d− 1.
For any s /∈ B1, consider X1 := V (f˜(x, y) + s) ⊂ A
2 and X2 := V (f˜ ′(x, y)) ⊂ A
2.
Since X1 is geometrically irreducible of degree d− 1 and X2 has dimension 1 (if nonempty)
and degree d− 2, they do not share irreducible Fq-components and hence Be´zout’s theorem
implies that |(X1 ∩X2)(Fq)| ≤ (d− 1)(d− 2). Let
B2 = {−f
′(α) | (α, β) ∈ (X1 ∩X2)(Fq) for some β ∈ Fq, β 6= α}; |B2| ≤ (d− 1)(d− 2).
Finally, let
B3 = {−f
′(α) | D2f(α) = 0}; |B3| ≤ d− 2.
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The set B := B1 ∪B2 ∪ B3 satisfies |B| ≤ d
2 − d− 1.
Let s ∈ Fq − B. Choose α ∈ Fq such that f
′(α) + s = 0 and set b := −f(α) − sα. By
construction, the polynomial f(T ) + sT + b ∈ Fq[T ] has a a root of multiplicity at least 2
at α, but has no second root of multiplicity at least 2 and no triple roots. In other words,
ϕ−1s (b) consists of d − 1 points over Fq, with ϕs being e´tale at d − 2 of them. Thus, the
assumption of Proposition 3 in [1] is satisfied.
Moreover, the complement of the diagonal in Ωs×A1
b
,ϕs Ωs is isomorphic to V (f˜(x, y)+ s)
and by the choice of s /∈ B1 is geometrically irreducible. Thus, the assumption of Proposition
2 in [1] is satisfied as well. Therefore, the geometric monodromy group of the map ϕs is the
full Sd.
Let U be a dense open subset of A1b such that ϕs|ϕ−1s (U) : ϕ
−1
s (U)→ U is finite and e´tale.
The statement now follows from the Chebotarev density theorem for function fields (see
Theorem 3 in [3]) applied to ϕs|ϕ−1s (U).
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